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We investigate the off-equilibrium dynamics of a spin system with O(N) symmetry in 2 < d <
4 spatial dimensions arising by the presence of a slowly varying time-dependent magnetic field
h(t, ts) ≈ t/ts, ts is a time scale, at the critical temperature T = Tc and below it T < Tc. After
showing the general theory, we demonstrate the off-equilibrium scaling and we formally compute the
correlation functions in the limit of large N . We derive the off-equilibrium scaling relations for the
hysteresis loop area and for the magnetic work done by the system when the magnetic field h(t, ts)
is varied across the phase transitions cyclically in time. We also investigate the first deviations from
the equilibrium behavior in the correlation functions checking the consistence for an exponential
approach.
I. INTRODUCTION
Phase transitions generally occur by varying the
external fields across their critical values. But when
statistical systems are driven through a critical point by
time-dependent external fields, they show off-equilibrium
behaviors. The emergences of these behaviors are related
to the phenomenon of critical slowing down i.e. to the
presence of large-scale modes which cannot adapt them-
selves to the changes of the external parameters, even
when the time-scale ts of the variations of the external
fields becomes very large, ts → ∞. The study of con-
tinuous phase transitions induced by slow variations of
the external fields is generally called Kibble-Zurek (KZ)
problem [1, 2]. One of the most important predictions
of this theory is the Kibble-Zurek mechanism (KZM)
[see [3] for a review] which explains the formation and
the density of topological defects in the off-equilibrium
regime across a phase transition slowly driven by tem-
perature. The Kibble-Zurek approach well describes the
off-equilibrium dynamics near the transition and leads to
a non-trivial scaling theory of the observables in terms
of appropriate length and time scales, different from
those at the equilibrium. The scaling relations depend
on the equilibrium critical exponents and also on some
general features of the time-dependence of the external
fields. In the limit of quasi-adiabatic time-variations
ts → ∞, the results are universal. Several experiments
have investigated these off-equilibrium phenomena, in
particular checking the predictions for the abundance
of topological defects arising from the off-equilibrium
conditions across the critical temperature, as predicted
by the KZM. The first experiments meanly involved
superfluids and superconductors. Modern proves of
these behaviors principally come from cold-atoms ex-
periments, ion crystals and from improved experiments
still based on superfluids or superconductors [e.g. [4–6]].
In particular, BoseEinstein condensates in trapped cold
gases are extremely controllable systems and therefore
an ideal platform to check the KZ mechanisms.
Off-equilibrium behaviors characterize also the first-
order phase transitions (FOTs). In particular, one of
the early off-equilibrium phenomena observed was the
hysteresis, which has been widely studied [e.g. [7–10]].
Hysteresis arises in ferromagnetic systems when there is
an external magnetic field with a time-dependence, such
as h(t, ts) ≈ t/ts, at fixed temperature. The magnetic
field changes direction crossing the transition at h = 0
followed by the magnetization that also has to change di-
rection according with h. However, the system reacts in
late to the external perturbation developing metastable
states for a certain interval of time. If we vary the
external magnetic field cyclically across FOTs, these
memory effects lead the system to dissipate a non-zero
value of energy. The magnetic work done by the system
can be valuated as
∮
dh(t, ts) · Σ(t, ts) ∝
∮
dt · Σ(t, ts)
where Σ is the magnetization of the system. The last
integral is called hysteresis loop area and can be used
to esthimate how far a system is from the equilibrium.
Infact, if the magnetization presents the equilibrium
behavior, the hysteresis curve is shrinked to a single line
and the system does not spend energy in the cycle.
The paper is organized as follows. In the Sec.II
we introduce the N -vector model and its continuum
limit as an euclidean field theory. The Sec.III is
dedicated to the dynamics of the fields: we assume a
relaxational dynamics for the model implemented by
a purely dissipative Langevin equation with a white
gaussian noise. In Sec.IV we consider a time dependence
also for the external magnetic field coupled to the
system defining the examined protocol opportunely.
The Sections V and VI discuss the passage across the
continuous phase transition while in Sec.VIII the case
T < Tc is analyzed pointing out the analogies with
the case T = Tc. In particular, the Sec.V provides to
an introduction of the off-equilibrium scenario. The
2off-equilibrium scaling limit is defined, the finite-size
effects are briefly discussed and the thermodynamic
infinite-volume limit justified. The large N limit of the
model is discussed in the Sec.VI. The limit N → ∞
allows us to derive analytical results. The scaling
relations and the scaling functions for the correlators in
the off-equilibrium regime across the continuous phase
transition are investigated in the Sec.VII. In Sec.VIII we
report the general scaling theory appropriate to describe
the off-equilibrium and we consider the effects of a
relaxational dynamics below the critical temperature.
In the Sec.IX a magnetic field protocol at T < Tc is
considered and the off-equilibrium behaviors for the
O(N) vector models are investigated. For both the cases
T ≤ Tc, in Sec.X we study the hysteresis phenomenon
and derive the scaling relation of the magnetic work.
In Sec.XI we also discuss the asymptotic behaviors for
the cases T ≤ Tc i.e. what happens when the system
approaches the off-equilibrium regime. If the system
reaches the equilibrium asymptotically, it is expected
that the first deviations from the equilibrium background
are exponentially damped. Finally, in Sec.XII we draw
some conclusion.
II. O(N) VECTOR MODEL
The N -vector model is a lattice model where on each
site i lies anN -vector spin variable Si of unit length inter-
acting through a short range ferromagnetic O(N) sym-
metric two-body interaction Vi,j . The partition function
of such a model can be written as [11]
Z =
∫ ∏
i
dSi · δ(S2i − 1) · e−ε(S)/T , (1)
in which the configuration energy ε is
ε(S) = −
∑
i,j
Vi,j(Si · Sj) (2)
This model has a second order phase transition between a
disordered phase at high temperature, and a low temper-
ature ordered phase where the O(N) symmetry is spon-
taneously broken, and the order parameter Si has a non-
vanishing expectation value. One can add to ε(S) a linear
coupling
ε(S) = −
∑
i,j
Vi,j(Si · Sj) +
∑
i
h · Si (3)
which can be interpreted as a uniform external magnetic
field. The presence of a non-zero magnetic field leads
to a first-order transition in the low-temperature phase
along the line of h = 0. At the continuous transition
the correlation length diverges and therefore a non-trivial
long distance physics emerges.
The long distance physics of (3) can be described through
an euclidean field theory, [see e.g. [11, 12]], with action
S[φ] =
∫
[
1
2
(∂µφ(x))
2+
1
2
rφ2(x)+
u
4!
(φ2(x))2−hαφα(x)]·ddx.
(4)
where the spatial dimensions 2 < d < 4.
III. DYNAMICS OF THE FIELDS
We confer to the system a relaxational type of dy-
namics in which the fields satisfy a purely dissipative
Langevin equation of motion:
∂tφα(x, t) = −Ω
2
δS[φ]
δφα(x, t)
+ ςα(x, t) (5)
where we have inserted a white gaussian type of noise
< ςα(x, t) >ς= 0 (6)
< ςα(x, t) · ςβ(x′, t′) >ς= Ω · δαβ · δ(t− t′)δd(x−x′) (7)
This type of dynamics reproduces the effects of an heat-
bath with which the system is in contact and leads the
system to the equilibrium regime in the limits t → ±∞.
In the following we set Ω = 2 in order to recover the
equilibrium propagator with the standard normalization
after long times.
IV. PROTOCOLS: DYNAMICS OF THE
PARAMETERS
We consider a time-dependence for the external fields
coupled to the model. In particular we analize the case
of an external magnetic field:
hα(t, ts) = δ1α · h(t, ts) = δ1αt/ts (8)
at the critical temperature T = Tc and below it T < Tc.
The time-scale of the variations of such magnetic field
is ts and we investigate the limit of very slow passage
across the critical point ts → ∞. Thermal protocol for
the underlying model r(t, ts) − rc ≈ −t/ts at h = 0 has
been already widely discussed, e.g. [13].
Let us begin with the continuous phase transition
occurring at T = Tc and then we extend the formalism
also to the first-order phase transition at T < Tc.
3Case T = Tc
V. OFF-EQUILIBRIUM SCALING REGIME
We assume that the system admits a non-trivial rescal-
ing for h(t, ts) ≃ 0 by measuring the time and the length
scales through the Kibble-Zurek (KZ) scales [see [3, 13]
for a review]:
tQ = (ts)
νgz/(νgz+1) lQ = t
1/z
Q , (9)
where z is the dynamical critical exponent associated to
the dynamics of the fields (5) and νg is a generalized ex-
ponent [13] driving the divergence of the instantaneous
equilibrium correlation length ξ(t, ts) in terms of the pro-
tocol close to the critical point h(t, ts) ≃ 0. For a mag-
netic field protocol, νg is given by:
νg = 1/dh =
2
d+ 2− η (10)
Thus,
ξ(t, ts) ∼ |t/ts|−νg (11)
We can define also the instantaneous equilibrium relax-
ation time of the system ξt(t, ts) which diverges close to
the critical point as
ξt(t, ts) ∼ |t/ts|−zνg (12)
because of the critical slowing down phenomenon.
The off-equilibrium scaling limit is the limit ts →∞ hold-
ing t/tQ and x/lQ fixed where the correlation functions
of the system exhibit a behavior:
G(n)(x1, · · · , xn, t) ∼ l−αQ · G(n)(x1/lQ, · · · , xn/lQ, t/tQ)
(13)
where α is the scaling dimension and G(n) is the off-
equilibrium scaling function associated to the n-points
correlation function.
The off-equilibrium physics is observed for an interval
of size tQ ∼ (ts)e around the transition, with e =
(z/dh)/(1 + z/dh) < 1. When we take the limit ts →∞,
this interval becomes very large tQ →∞. In terms of the
KZ scales the protocol is given by
h(t, ts) ∼ t/tQ · l−dhQ
ts→∞→ 0. (14)
Since e < 1 the focus on the off-equilibrium scenario is
related to a very small values of the external field. The
dynamics presents universal scaling behaviors in the limit
ts → ∞ depending only on the equilibrium static and
dynamical critical exponents plus the exponent νg. It
does not depend on the choice of the initial and final
value of the magnetic field because the off-equilibrium
scaling occurs in a range of values of the protocol that
shrinks near zero when ts →∞.
Finite-size effects and infinite-volume limit
Let us discuss the off-equilibrium scaling arising by the
presence of time-dependent magnetic field (8) coupled to
a system of finite size L which approaches the critical
point. Assuming the exsistence of a non-trivial scaling for
h(t, ts) ≃ 0, we expect that the off-equilibrium behavior
is controlled by the scaling variables:
t = t/tQ, x = x/lQ, ℓ = lQ/L. (15)
The magnetic field can be written as
h(t, ts) = t/ts = t · ℓ−1/νg . (16)
Since the system is at the instantaneous equilibrium for
a configuration of the external field h(t, ts), a statistical
observable O with scaling dimension ∆ presents a finite-
size scaling behavior:
< O(x, t, h, L)O(0, t, h, L) >ς= GOO(x, t, h, L) ∼
L−2∆ · Geq.OO(
x
L
,
t
Lz
, h · L1/νg), (17)
when |h| → 0, Geq.OO is the two-point equilibrium correla-
tor scaling function. The brackets above mean an expec-
tation value performed over the noise distribution. In the
infinite-volume limit L→∞, the equation (17) becomes:
< O(x, t, h, L)O(0, t, h, L) >ς∼ ξ−2∆ · Geq.OO(
x
ξ
,
t
ξz
)
= |h|2νg∆ · Geq.OO(x|h|νg , t|h|zνg ),
(18)
for |h| → 0 at x/ξ, t/ξz fixed.
We require that the equilibrium finite size scaling
matches the infinite-volume behavior
Geq.OO(
x
L
,
t
Lz
, h · L1/νg ) L=∞∼
|h · L1/νg |2νg∆ · Geq.OO(x|h|νg , t|h|zνg ).
(19)
when |h| · L1/νg →∞.
Let us now define the finite-size off-equilibrium scaling
limit as the limit ts, L → ∞ keeping the variables t,
x and ℓ fixed. In this limit, the correlator GOO has a
rescaling:
GOO(x, t, h, L) ∼ L−2∆ · GOO(x, t, ℓ). (20)
where GOO is a general function of the off-equilibrium
scaling variables. The infinite-volume limit can be ob-
tained by performing the limit ℓ→ 0 at fixed t, x:
GOO(x, t, ℓ) ℓ→0∼ ℓ−2∆ · GOO(x, t). (21)
The previous relation states that the Eq.(13) is well-
defined. Note that the results above apply for general
protocols and are not specific for an external magnetic
field at T = Tc. In the following, we consider the infinite-
volume limit. Similiar arguments for the finite-size off-
equilibrium scaling and its infinite-volume limit are re-
ported in [14].
4VI. LARGE N LIMIT
We consider the O(N) vector model in the limit of
large N , where it allows analytical computations.
It is well known that the system in the limit of large N
has zero anomalous dimensions of the fields [e.g. [11, 12,
15]]:
η = 0⇒


dφ = (d− 2)/2
νg = 1/dh = 2/(d+ 2)
z = 2
(22)
where dφ = (d − 2 + η)/2 is the scaling dimension of
the fields. Furthermore, the system obeys to a set of
equations at the leading order in 1/N called saddle point
equations. The crucial point of the simplification intro-
duced by the large N limit relies upon the definition of
an effective mass term m2:
m2 − r − u
6
< φ2 >ς= 0; (23)
At the leading order in 1/N , one can neglect the vari-
ations of the square fields φ2(x, t) ∼< φ2(x, t) >ς and
consider the theory as quasi-gaussian with a mass m2.
Equation of motion at large N
In the large N limit it is possible to linearize the
Langevin equation by introducing the time-dependent ef-
fective mass term m2(t, ts):
∂tφα(x, t)
N→∞≃ −
(
− ∂µ∂µ +m2(t, ts)
)
φα(x, t)
+h(t, ts) + ςα(x, t);
(24)
The solution of the equation above, written in the Fourier
transform is given by:
φα(k, t) = φ
0
α(k, t) +
∫ t
t0
dt′ · exp
(
−
∫ t
t′
dt′′ · (k2+
m2(t′′, ts))
)
· {(2π)dδd(k)δ1αh(t′, ts) + ςα(k, t′)}
(25)
where
φ0α(k, t) = exp
(
−
∫ t
t0
dt′ · (k2 +m2(t′, ts))
)
(2π)dδd(k)δ1ασ
(26)
and σ is the equilibrium expectation value of the field.
Correlation functions
From the solution for the field, it is possible to ex-
tract the value of the one and two-point correlation func-
tions. Let us begin with the magnetization of the system
Σ(t, ts):
< φα(k, t) >ς= (2π)
dδd(k)δ1αΣ(t, ts)
Σ(t, ts) = Σ
0(t, ts) +
∫ t
t0
dt′ · h(t′, ts)·
exp
(
−
∫ t
t′
dt′′ ·m2(t′′, ts)
) (27)
with
Σ0(t, ts) = σ · exp
(
−
∫ t
t0
dt′ ·m2(t′, ts)
)
(28)
The expectation value of two fields is given by:
< φα(k, t)φβ(k
′, t) >ς= δαβ(2π)
dδd(k + k′)GT (k, t, ts)
(29)
for the transverse components α > 1, β > 1. It follows
that the transverse two-point correlation function is:
GT (k, t, ts) = 2
∫ t
t0
dt′ ·exp
(
−2
∫ t
t′
dt′′ ·(k2+m2(t′′, ts))
)
(30)
The longitudinal two-point correlation function is given
by:
< φ1(k, t)φ1(k
′, t) >ς= (2π)
dδd(k + k′)GL(k, t, ts)
GL(k, t, ts) = G
0(k, t, ts) + (2π)
dδd(k)Σ2(t, ts)+
2
∫ t
t0
dt′ · exp
(
− 2
∫ t
t′
dt′′ · (k2 +m2(t′′, ts))
)
(31)
with
G0(k, t, ts) = (2π)
dδd(k)
[
(Σ0(t, ts))
2+
2Σ0(t, ts)
∫ t
t0
dt′·exp
(
−
∫ t
t0
dt′′·(k2+m2(t′′, ts))
)
h(t′, ts)
]
(32)
Constraint equations
The large N limit gives a set of dynamical equations
[16] which relate the quantities of interest to the effective
mass term of the model m2(t, ts):
∂tΣ(t, ts) = −m2(t, ts) · Σ(t, ts) + h(t, ts); (33)
∂tGT (k, t, ts) = −2(k2 +m2(t, ts)) ·GT + 2; (34)
and finally the consistence equation which defines the
effective mass term at any instant of time:
r +
u
6
(
Σ2(t, ts) +
∫ Λ ddk
(2π)d
·GT (k, t, ts)
)
= m2(t, ts).
(35)
where Λ is an UV cutoff. Note that the last equation
complete the theory: the dynamical correlators are func-
tion of the external magnetic field (whose dynamics is
given at all times by the protocol) and of the effective
mass term. Solving this equation for m2(t, ts) we can
know the behavior of the correlators at any instant of
time.
5VII. SCALING RELATIONS
There is an important thing to point out: the role of
the initial condition in the KZ scaling limit. Since the
scaling behaviors turn out to be universal in the limit of
slow variations ts → ∞, it is expected that the initial
state of the system at t0 does not influence the critical
theory. The correlators (27), (30) and (31), depend on
φ0 through Σ0 and G0. The focus on the off-equilibrium
scenario enlarge the small area near |t| ∼ 0 making the
starting time t0 very far. Therefore, the term (26) is
exponentially driven to zero and the sensibility of the
system on the initial state dissappears.
Let us compute the scaling relations for the correla-
tors in the off-equilibrium regime. We start from the
constraint Eq.(35) in the case T = Tc i.e. r = rc with
rc = −u
6
∫ Λ ddk
(2π)d
·GT (k, t, ts,m2 = 0) (36)
Thus, the Eq.(35) can be written as
m2(t, ts) =
u
6
(
Σ2(t, ts) +
∫ Λ ddk
(2π)d
·[
GT (k, t, ts,m
2)−GT (k, t, ts, 0)
]) (37)
We consider the KZ scaling limit ts → ∞ keeping t
and k · lQ = k fixed. We make the following scaling
hypotesis:
◦ m2(t; ts) ∼ M2(t) · l−2Q , using dimensional argu-
ments [13].
◦ GT,L(k, t, ts) ∼ GT,L(k, t) · l2Q.
◦ Σ(t, ts) ∼ Θ(t) · l−dφQ .
◦ h(t, ts) = t/ts ∼ t · l−dhQ
where Θ, GT,L are the off-equilibrium scaling function
of the magnetization and of the two-point correlators
respectively. One can verify the scaling hypotesis for the
correlation functions starting from the Eq.(27) and (30),
(31) finding:
Θ(t) =
∫ t
−∞
dt
′ · t′ · exp
(
−
∫ t
t′
dt
′′ ·M2(t′′)
)
(38)
for the scaling function of the magnetization and
GT (k, t) = 2
∫ t
−∞
dt
′ · exp
(
− 2
∫ t
t′
dt
′′ · (k2 +M2(t))
)
(39)
for the scaling function of the transverse two-point cor-
relator. The scaling function of GL is given by
GL(k, t) = (2π)dδd(k) ·Θ2(t)+
2
∫ t
−∞
dt
′ · exp
(
− 2
∫ t
t′
dt
′′ · (k2 +M2(t))
) (40)
At this point, we can consider the KZ scaling limit in the
Eq.(35) [see also [13]]
M2(t) · l−2Q ∼ 0 = l−(d−2)Q ·
u
6
(
Θ2(t)+∫ +∞ ddk
(2π)d
·
[
GT (k, t,M2)− GT (k, t, 0)
]) (41)
where we have set m2 to zero because is a subleading
term in the KZ scaling limit.
We have explicitly computed the KZ scaling functions
of the correlators (38), (39) and (40): these quantities
depend on the scaling function of the effective mass term
M2 which is defined at any instant of time as the solution
of the Eq.(41). Unfortunately, the Eq.(41) does not have
known solution.
Let us now investigate the limit ts → ∞ holding t =
t/(ts)
e and k = k ·(ts)e/z fixed, with e, z free parameters.
We show that there is only a value of e and z which
lead to a non-trivial rescaling. The transverse two-point
correlation function has a rescaling:
GT (k, t, ts) ∼ (ts)e · GT (k, t) (42)
where we have rescaled m2(t, ts) ∼M2(t) · (ts)−2e/z be-
cause of a dimensional analysis. There is only a choice of
z which make the exponential in Eq.(30) a scaling quan-
tity:
− 2e/z + e = 0⇒ z = 2. (43)
The rescaling of the magnetization is:
Σ(t, ts) ∼ (ts)2e−1 ·Θ(t). (44)
Performing the off-equilibrium scaling limit in the
Eq.(41), we obtain:
(ts)
−e · M2(t) = u
6
(
(ts)
4e−2 ·Θ2(t)+
∫ +∞ ddk
(2π)d
·(ts)−de/z ·(ts)e ·
[
GT (k, t,M2)−GT (k, t, 0)
])
(45)
The mass term is subleading. The equation above leads
to a non-trivial rescaling only if
− d
z
e+ e = 4e− 2⇒ e = 2z
(d+ 3z)
?
=
νgz
(νgz + 1)
(46)
These results are in agreement with the definition of the
KZ scales (9) setting νg = 1/dh in d = 3.
We conclude that the KZ scaling is the only one that the
system admits in the off-equilibrium regime.
6Case T < Tc
VIII. FIRST-ORDER PHASE TRANSITION
The general features of the off-equilibrium behaviors
are not specific of the continuous phase transition: the
same scaling theory, with appropriate exponents, can be
applied also below the critical temperature, where the
O(N) vector model undergoes a first-order phase transi-
tion (FOT) along the line of h = 0.
We investigate therefore the FOT driven by the magnetic
field (8) around h = 0 at fixed temperature T < Tc.
The first step consists in the construction of a scaling
theory also for the FOTs. By following the works [17–19]
we have the results:
dφ = 0 dh = d (47)
for the scaling dimensions of the fields and of the mag-
netic field respectively.
Across a FOT the system switches from one non-critical
phese, with finite correlation length, to another non-
critical phase. However, when h → 0 a long-range order
arises because the system does not distinguish the or-
dered phases anymore [20]. Thus, even if the correlation
length is still finite, we associate to the FOT a coherence
length ξ(t, ts) which diverges for h(t, ts) ≃ 0 as
ξ(t, ts) ∼ |h(t, ts)|−1/dh = |t/ts|−1/d (48)
and it follows that
νg = 1/dh = 1/d (49)
for a magnetic field protocol also across FOTs.
Relaxational dynamics at T < Tc
We assume that the dynamics of the fields occurs
through a purely dissipative Langevin equation (5) also
below the critical temperature. It is useful to consider a
system of finite-size L with a cubic shape V = Ld and
focus on the case N = 2. Infact, as will be more clear in
the following, the results apply for each N ≥ 2.
We report the results for the dynamical exponents of the
ref.[14]. Firstly, let us consider a spin system without
magnetic fields: in this case the magnetization has fixed
modulus but there are no constraints on the direction.
The random orientation of the vector magnetization into
the space is expected to be the slowest dynamics of the
system and has a dynamical exponent z = d because re-
quires a variation in the enteire volume of the system.
There is also a motion in the transverse planes due to
the spin-waves with a time-scale ∼ L2 (z = 2). However,
it is faster and thermalizes over larger time-scales ∼ Ld.
In the presence of a magnetic field, the magnetization
has a fixed direction. The only degrees of freedom of the
system are the spin-waves propagating along the trans-
verse directions.
Therefore we have the follwing scenario for the dynamics
exponents [14]:
T < Tc
{
z = d if h = 0
z = 2 if h 6= 0 (50)
IX. OFF-EQUILIBRIUM SCALING ACROSS
THE FOT
Let us extract the off-equilibrium scaling relations aris-
ing across the FOT in the O(N) vector model at large
N . The constraint equation (35) is still valid below the
critical temperature because related to the large N limit
and not to the specific protocol. Furthermore, since we
assume a relaxational dynamics of the fields, we can use
the results (27), (30) and (31) for the correlation func-
tions in the presence of a time-dependent magnetic field
(8). These are function of the effective mass term which
is defined at all times by the equation:
r +
u
6
(
Σ2(t, ts) +
∫ Λ ddk
(2π)d
·GT (k, t, ts)
)
= m2(t, ts).
(51)
One can note that the specific value of temperature
T < Tc does not influence the off-equilibrium scaling be-
cause the results of Sec.VIII apply for each value of the
temperature T < Tc (but are quite different from the case
T = Tc).
We consider the off-equilibrium scaling limit in the con-
straint equation above: we take the limit ts →∞ keeping
t = t/(ts)
e and k = k · (ts)e/z fixed. Since we vary the
magnetic field at fixed temperature, the thermal coupling
r is a constant and scales as r ∼ r · (ts)0. Thus, from the
rescaling of the magnetization (44), we have
2(2e− 1) = 0⇒ e = 1
2
, ∀d. (52)
The exponent e in the low-temperature phase does not
depend on the spatial dimension of the system. We define
the off-equilibrium time-scale tQ across the FOT as
tQ = (ts)
e =
√
ts (53)
The off-equilibrium scaling limit of the constraint Eq.(51)
requires that the magnetization scales as (ts)
0 i.e. that
the scaling dimensions dφ = 0, in agreement with the
relations of Sec.VIII. The off-equilibrium dynamics arises
for very small values of the magnetic field,
h(t, ts) = t/ts = (t/
√
ts) · (ts)−1/2 ts→∞→ 0. (54)
Therefore, the slowest dynamics of the system in the off-
equilibrium regime is expected to be a change in the di-
rection of the vector magnetization whose time-scale is
7given by the dynamical exponent z = d. Other types of
dynamics occur with faster time-scales and can be ne-
glected. It follows that the off-equilibrium length scale
lQ across the FOT can be defined as
lQ = t
1/z
Q = t
1/d
Q = (ts)
1/2d. (55)
For the rescaling of the transverse two-point correlation
function, we read into the Eq.(42) that
− (d− z)/z = 0⇒ z = d (56)
The two-point correlations among the transverse compo-
nents are leading terms only if we consider the slowest
dynamics of the system.
The name KZ generally refers to the case of the off-
equilibrium dynamics across continuous phase transi-
tions. However, we can note that the definition of the
off-equilibrium scales (53), (55) are in agreement with
(9) setting νg = 1/d and z = d.
The effective mass term satisfies the constraint Eq.(33)
also below the critical temperature: in the off-equilibrium
scaling limit, Eq.(33) becomes
m2(t, ts) ∼ −
d
dt
Θ(t)
Θ(t)
· t−1Q +
t
Θ(t)
· l−dhQ
= −
d
dt
Θ(t)
Θ(t)
· t−1Q +
t
Θ(t)
· t−d/zQ
(57)
Therefore the scaling relation of the effective mass term
is given by
m2(t, ts) ∼M2(t) · l−dQ . (58)
Note that the transverse two-point correlation function
generally has a critical behavior in the limit of zero mo-
menta. In this case the transverse correlation function
remains finite at all times because
m2(t, ts) ∼ 0 · l−2Q +M2(t) · l−dQ . (59)
The presence of a small magnetic field makes the trans-
verse susceptibility not IR-divergent.
Let us discuss the rescaling of the momenta. Away from
the transition, we can roughly approximate the magneti-
zation as a constant Σ(t, ts) ≈ σ and using the Eq.(33):
m2(t, ts) ≈ t
tsσ
. (60)
We know that this approximation breaks down when
t ≃ 0. However, the Eq.(60) permits to compute ex-
plicitly the correlation function. In particular, we study
the transverse two-point correlation function (30) [9]:
GT (k, t, ts) ≈ es
2 ·
√
π|σ|ts · Erfc(s) (61)
where we have defined the variable s = (k2ts|σ| +
|t|)/
√
ts|σ|. Keeping the leading part for s large, we
obtain:
GT (k, t, ts) ∼
√
|σ|ts
s
≈ 1
k2 +m2(t, ts)
. (62)
We recover the equilibrium value of the transverse two-
point correlation function. Note that the limit s → ∞
does not necessary imply |t| → ∞. Since we consider
large-momenta, the system appear at instant thermal
equilibrium at all the times [see also [9, 10]]. In other
words, below the critical temperature the degrees of free-
dom of the system are essentially given by the spin-waves.
The off-equilibrium behavior depends only on these long-
wavelength modes. There is a value of the momentum
k⋄ which defines a cross-over behavior and separates
the local-fluctuation regime k > k⋄ from the spin-waves
k < k⋄. Its value can be computed self-consistently: if
we assume that the large-momenta modes are at the in-
stantaneous equilibrium for all times, the approximation
(60) remains valid even when t→ 0. Thus, we can iden-
tify k⋄ as the value in which s ∼ O(1) at t = 0 [9]. It
follows that
k⋄ = (1/ts|σ|)1/4 (63)
When we perform the off-equilibrium scaling limit, we
enlarge the interval of the small momenta: k · (ts)1/2d
remains fixed when ts → ∞. In particular, the rescaled
value of k⋄ is
k⋄ · (ts)1/2d = (1/ts|σ|)1/4 · (ts)1/2d ∝ (ts)−(d−2)/4d → 0
(64)
because 2 < d < 4. Since we consider very-low frequency
protocols ts → ∞, the cross-over value of the momenta
k⋄ tends to zero and this is equivalent to consider the mo-
menta as subleading terms in the off-equilibrium scaling
limit. It is useful to introduce the quantity:
S(t, ts) =
∫ Λ ddk
(2π)d
·GT (k → 0, t, ts) ∼ l0Q · S(t); (65)
which summerizes the amount of the transverse corre-
lations. Thus, in the off-equilibrium scaling limit, the
constraint Eq.(51) can be written as
r +
u
6
(
Θ2(t) + S(t)
)
= 0; (66)
because the effective mass is subleading also below the
critical temperature. The previous result (66) can be
written also as
Θ2(t) + S(t) = σ2 (67)
where |σ| =
√
−6r/u is the equilibrium magnetization
in the low-temperature phase. The Eq.(67) states that
the vector magnetization performs a rigid rotation with
fixed length equal to |σ|. The equilibrium behavior is re-
covered in the appropriate limits: away from the FOT,
the magnetic field h(t, ts) 6= 0 and the function S(t) is
subleading. Therefore, the vector magnetization lies on
the longitudinal direction given by the magnetic field and
has a length |σ|. In contrast, in the off-equilibrium re-
gion, the longitudinal component of the magnetization
first decreases dissipating into the transverse modes and
8then increases going to the opposite equilibrium value
[see also [8]]. Note that the transverse magnetization is
zero because of the O(N − 1) symmetry but the correla-
tions among the transverse components (resumed in the
function S) rotate the vector in one of the equally proba-
ble N − 1 planes transverse to the longitudinal direction.
Since the dynamics occurs into a plane, the system ex-
hibits the same behavior for each N ≥ 2 [10].
X. HYSTERESIS PHENOMENA
We define the hysteresis loop area A as the area
beetween the two cuves described by the magnetization
Σ(t, ts) going from ti = −∞ to tf = +∞ and coming
back (round-trip protocol γ) when the dynamics of the
system is driven by the magnetic field protocol (8) [14]:
A =
∮
γ
dt · Σ(t, ts) (68)
We note that the magnetization (27) has a symmetry
with respect to a reflection of the magnetic field: if we
reverse the direction of the magnetic field h 7→ −h, it
follows
Σinv.(t, ts) = −Σ(−t, ts); (69)
The vaue of the magnetization with reversed time is:
Σ(−t, ts) =
∫ t
−∞
dt′ · exp
(
+
∫ t
t′
dt′′ ·m2(t′′; ts)
)
· t′/ts.
(70)
Thus, the hysteresis loop area can be also written as
A =
∮
γ
dt · Σ(t, ts) =
∫ tf=+∞
ti=−∞
dt ·
(
Σ(t, ts) + Σ(−t, ts)
)
=
∫ +∞
−∞
dt ·
∫ t
−∞
dt′ · (t′/ts) · 2 cosh
(∫ t
t′
m2(t′′, ts) · dt′′
)
.
(71)
The hysteresis loop area can be easly connected with the
magnetic work W which the system performs over γ
W =
∮
γ
dh(t, ts) · Σ(t, ts) = t−1s · A. (72)
Therefore the hysteresis loop area has a direct physical
meaning. At the equilibrium the integral (68) is equal
to zero, so A quantifies how far the system is from the
equilibrium.
Case T = Tc
We consider the off-equilibrium scaling relation for the
hysteresis loop area (71) across the continuous phase
transition. We perform the limit ts → ∞ at fixed
t = t/tQ and k = k · lQ, where tQ, lQ are given by (9).
The scaling relation of the hysteresis loop area is
A ∼ l2−dφQ · Ξ. (73)
The amplitude Ξ of hysteresis loop area is a constant
which depends on the scaling function M2:
Ξ = 2
∫ +∞
−∞
dt ·
∫ t
−∞
dt
′ ·t′ ·cosh
( ∫ t
t′
M2(t′′)·dt′′
)
; (74)
From Eq.(73), it follows that the magnetic work has a
scaling relation:
W ∼ (ts)−2/3 · Ξ (75)
in three spatial dimensions. This means that the energy
spent by the system in a cycle decrease as ts becomes
large. Hysteresis phenomena can be studied for an O(3)
vector model in d = 3 : using the critical exponents of
the Heisenberg universality class [see [21]] in (73), we find
a scaling relation
A ∼ (ts)0.33 · Ξ(N=3), (76)
in agreement with the numerical results [14]. It is ex-
pected that the hysteresis loop area at large N is qual-
itatively similiar to the case N = 3. It follows that the
magnetic work done by the system in a round-trip pro-
tocol for an O(3) Heisenberg ferromagnet in d = 3 scales
as
W ∼ (ts)−0.66 · Ξ(N=3). (77)
Case T < Tc
Let us compute the scaling relation for the hysteresis
loop area also across the FOT. In particular, we take the
limit ts →∞ keeping t = t/tQ = t/
√
ts and k = k · lQ =
k · (ts)1/2d fixed. We obtain for Eq.(71)
A ∼ tQ · Ξ. (78)
where the constant Ξ is given by the Eq.(74). The energy
spent by the system in a cycle has a rescaling:
W = t−1s · A ∼ (ts)−1/2 · Ξ, (79)
independently from the spatial dimensions considered.
Hysteresis phenomena across the FOT can be studied
in O(3) vector models. It has been shown that the
off-equilibrium dynamics occurs in one of the N − 1
transverse planes: we therefore expect that the hysteresis
loop area and the magnetic work are almost similiar for
any N ≥ 2. Infact, the results above are in agreement
with the numerical evidences [14].
9XI. ASYMPTOTIC BEHAVIORS.
We investigate the first deviations from the equilib-
rium behavior in the correlation functions occuring at
a time |t| ∼ tQ before the transition. In terms of the
rescaled time, the equilibrium has to be recovered in the
asymptotic limit t/tQ → −∞.
Case T = Tc
Firstly, we consider the matching with the equilibrium
for the continuous phase transition. By comparing the
off-equilibrium scales (9) with the instantaneous equilib-
rium correlation length ξ(t, ts) and time ξt(t, ts), it is pos-
sible to connect the off-equilibrium scaling regime with
the equilibrium one [13]:
ξ(t, ts)
lQ
∼ |t/tQ|−νg ξt(t, ts)
tQ
∼ |t/tQ|−zνg . (80)
For the scaling function of the correlators in Eq.(13), this
means:
G(n)(x1, · · · , xn, t) ∼
|t|νgα · G(n)eq (xn · |t|νg , · · · , xn · |t|νg , t · |t|zνg ). (81)
Approaching the equilibrium, the scaling functions of the
correlators G(n) present small fluctuations whose lifetime
τo is of the order of the ratio between the two competing
time-scales [see also [14]]:
τo ∼ ξt(t, ts)
tQ
∼ |t/tQ|−zνg ; (82)
We assume that these fluctuations are exponentially
damped
G(n)(x1, · · · , xn, t)−G(n)eq (x1, ·|t|νg , · · · , xn · |t|νg , t · |t|zνg )
t→−∞∼ G(n)eq (x1, ·|t|νg , · · · , xn · |t|νg , t · |t|zνg ) ·K(t) ·e−C
|t|
τo .
(83)
where K is a regular function and C is a positive con-
stant. This ansatz has been numerically checked [14] for
a magnetic field protocol (8).
Since in the limit of large N the rescaled correlators G(n)
are uniquely determined by the value of the scaling func-
tion M2, we propose a general ansatz in terms of this
function that is sufficient to reproduce asympotically the
exponential damping of the off-equilibrium fluctuations
in the observables. In the limit t/tQ → −∞ we can write
the scaling function
M2(t/tQ) =M2eq(t) +M2off(t) (84)
as an equilibrium term M2eq plus a very small off-
equilibrium perturbation M2off ≃ 0.
At the equilibrium, we can relate the effective mass term
of the system with the inverse of the instantaneous equi-
librium correlation length. Therefore,
M2eq(t) ∼ |t|2νg + high order
corrections to the equilibrium scaling
(85)
By substituiting the leading equilibrium contribution
M2 =M2eq ≃ |t|2νg in the expression of the scaling func-
tions of the correlators (38), (39), the correct matching
is recovered:
Θ(t) ∼ −|t|dφ/dh χT (t) = GT (0, t) ∼ |t|−2/dh (86)
in agreement with Eq.(81) and with the standard defini-
tion of the equilibrium critical exponent δ = dh/dφ and
γ = νg(2− η) = 2νg.
Let us write the leading off-equilibrium term assuming
exponential approach to the equilibrium:
M2off(t) ∼ |t|2νg · b · |t|a · e−c|t|
1+zνg
+ high orders (87)
where b, a and c are constants. Thus, we can write
M2(t) t→−∞∼ {|t|2νg + · · · } ·
(
1+
b · |t/tQ|a · e−c|t/tQ|
1+zνg
+ O(e−2c|t/tQ|
1+zνg
)
)
≃
M2eq(t) ·
(
1 + b · |t/tQ|a · e−c|t/tQ|
1+zνg
)
.
(88)
Within this ansatz it is possible to compute the leading
off-equilibrium corrections in the scaling functions of the
magnetization and of the transverse susceptibility. The
result, as expected, is an exponential approach:
Θ(t) ∼ Θeq(t) ·
(
1 +K · |t|a · e−c|t|1+zνg
)
(89)
where K = −b/(c(1 + zνg) + 1), and for the transverse
susceptibility
χT (t) = GT (0, t) ∼ χT,eq(t) ·
(
1 +K ′ · |t|a · e−c|t|1+zνg
)
(90)
with K ′ = −2b/(2 + c(1 + zνg)).
The Eq.(88) reproduces the exponential approach in the
observables (89), (90) and is consistent with the rescaled
constraint equations (33), (34). Furthermore, starting
with other types of assumptions forM2off such as a power
law decay of the fluctuations, the same results does not
follow and we lose the consistence.
Note that these arguments apply also for a thermal
quench r(t, ts)−rc ≈ −t/ts leading to the same result for
the susceptibility, if we use the appropriate value of the
exponent νg = ν = 1/(d− 2) into (90). In general these
arguments are valid for each type of protocol in the limit
t/tQ → −∞, for a system prepared at the equilibrium.
We also expect that the limit t/tQ → +∞ exhibits the
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same behavior, maybe with different constants [14] in the
case of a magnetic field protocol (8). A thermal proto-
col undergoes coarsening [22] after crossing the transition
and presents a different matching for t/tQ → +∞ [13].
Let us consider also the finite-size effects. In a finite ge-
ometry, a necessary condition to obtain equilibrium re-
sults is that ts ≫ τ i.e. ts · τ → ∞, where τ is the
slowest time-scale of the system at the equilibrium given
by τ ∼ Lz. Since ts →∞ at fixed ℓ we have:
ts · L−z = ℓz/e · Lz(1−e)/z (91)
This condition is satisfied only if L → ∞. The previ-
ous relations implies that the matching occur at a time
in which ξ(t, ts) < L. Thus, the limit t → ∞ at fixed
ℓ is expected to lead to the infinite-volume equilibrium
behavior:
GOO(x, t, ℓ) ∼ |ta · ℓ−1/νg |2νg∆ · Geq.OO(x · |t|aνg , t · |t|zaνg )
(92)
The asymptotic behavior of a finite-size system matches
the infinite-volume equilibrium scaling relations because
occurs in a region with a finite correlation length [see also
[14]].
Case T < Tc
The same arguments can be applied also below the
critical temperature in order to estimate the leading off-
equilibrium corrections to the scaling behavior. The
ansatz (88) for the scaling function of the effective mass
term now becomes:
M2(t) t→−∞∼ |t/σ| ·
(
1 + b · |t|a · e−c|t|1+zνg
)
(93)
where zνg = 1 and a, b, c are constants. The equilibrium
contributionM2eq(t) ≃ |t/σ| is given by the scaling limit
of Eq.(33), where we have considered the magnetization
as a constant. Using the Eq.(93), one can compute the
leading off-equilibrium corrections in the scaling behavior
of the correlators. For instance, the first deviation in the
scaling function of the magnetization (27) are given by:
Θ(t)
|σ|
t→−∞∼ −1
(
1 +K ′′ · |t|a · e−c|t|2
)
. (94)
with K ′′ = (−b/(1 + 2c|σ|). Even for T < Tc, the
exponential approach to the equilibrium has been
numerically verified in [14]. The exponential approach
to the equilibrium is also consistent with the constraint
Eq.s (33) and (34). Furthermore, the analysis of the
asymptotic matching with the equilibrium is not mod-
ified if we consider a system with a finite size L, as in
the case T = Tc.
We finally note that the ansatz of exponential approach
to the equilibrium is sufficient to obtain a finite rescaled
hysteresis loop area Ξ < ∞ for both the cases T = Tc
and T < Tc.
XII. CONCLUSIONS.
We study the slow passage through the critical point of
a statistical system in the presence of a time-dependent
magnetic field h(t, ts) ≈ t/ts, where ts is a time scale,
focusing on a spin system with O(N) symmetry. This
model shows a continuous phase transition occuring at
the critical temperature T = Tc and at zero magnetic
field h = 0. Very close to the critical point h(t, ts) ≃ 0,
the system goes out of the equilibrium because it develops
large scale modes which cannot adapt themselves to the
variations of the external parameters, even in the limit of
slow passage ts →∞. The dynamics of the system shows
universal scaling behaviors, which are controlled by the
time t and the time scale ts. In this regime the time de-
pendence of the correlations can be expressed in terms
of universal scaling functions that depend on the scaling
variables t/(ts)
e = t/tQ and x/(ts)
e/z = x/lQ, where z is
the dynamical critical exponent and 0 < e < 1 is a univer-
sal exponent depending on the static universality class of
the model, on the type of dynamics and on the behavior
of the specific protocol near the transition. The magnetic
field protocol was numerically studied [14], we provide to
analytical computations in the limit of large N and we
demonstrate the existence of a non-trivial rescaling very
close to the critical point. We check that these relations
for the O(N) vector model at large N are satisfied only
if the rescaling is made with lQ and tQ. The prediction
for the scaling relations at large N are in agreement with
the numerical result for the case N = 3 [14]. The large
N limit does not modify the qualitatively off-equilibrium
behavior of the system and the scaling relations apply for
finite N with appropriate exponents.
We also show how to construct an analogue of the KZ
approach for describing the dynamics below the critical
temperature, where the O(N) vector model undergoes a
first-order phase transition at h = 0. For a magnetic
field protocol h(t, ts) ≈ t/ts at T < Tc, we derive the off-
equilibrium scaling relations and the scaling functions for
the correlators, pointing out the analogies with the case
T = Tc. Below the critical temperature, a constraint
equation of the O(N) vector model at large N predicts
that the magnetization of the system behaves as a rigid
spin under the effects of a time-dependent magnetic fields
and makes a slowly rotation in the off-equilibrium region.
For both the cases T ≤ Tc, we perform the study of the
first deviations from the equilibrium scaling behavior oc-
curing at a time |t| ∼ tQ before the transition. We expect
that the fluctuations over the equilibrium background in
the correlation functions, decay exponentially with a life-
time of the order of the ratio between the equilibrium
relaxation time and the off-equilibrium time scale. The
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same behavior is shown by the system also after the tran-
sition if it approaches again the equilibrium. In partic-
ular, we demonstrate that is sufficient to formulate an
ansatz in terms of the scaling function of the effective
mass term M2 of the O(N) vector model at large N to
have an exponential decay in the correlation functions.
We verify the consistence of this ansatz in both the cases.
We also investigate the off-equilibrium behavior arising
when the system is coupled to a magnetic field which
varies in time from ti < 0 to tf > 0 and then back from
tf to ti. The system presents hysteresis phenomena re-
lated to the off-equilibrium. The area of the hysteresis
obeys to a scaling relation and can be easly connected to
the magnetic work done by the system over a round-trip
protocol. For the case T = Tc, we obtained a scaling re-
lation for the magnetic work in three spatial dimensions:
W ∼ (ts)−2/3 · Ξ,
where Ξ is an amplitude constant which is finite under the
assumption of exponential decay abovementioned. Ex-
tending this result to the case N = 3 using the critical
exponents of the Heisenberg universality class, we found
that the magnetic work scales as
W(N=3) ∼ (ts)−0.66 · Ξ(N=3)
which is in agreement with the numerical results [14].
Hysteresis phenomena are shown by the system also in
the ordered phase when we consider a round-trip proto-
col. The scaling relation of the magnetic work is:
W ∼ (ts)−1/2 · Ξ.
where Ξ is a finite constant under the assumption of
exponential damping.
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